For fixed initial and destination states (i.e., markings), M 0 and M d , there exist generally infinite firing count vectors in a Petri net. In this letter, it is shown that all fundamental particular solutions as well as all minimal T-invariants w.r.t. firing count vectors are needed to express an arbitrary firing count vector for the fixed M 0 and M d . An algorithm for finding a special firing count vector which is expressed by using the only one specified fundamental particular solution is also given.
Introduction
A Petri net is a particular kind of directed graph, together with an initial state called the initial markings, M 0 . The underlying graph of a Petri net is directed, weighted, bipartite graph consisting of two kinds of nodes, called places and transitions, where arcs are either from a place to a transition or from a transition to a place. A state or marking in a Petri net is changed according to the following firing rules: 1) A transition t is said to be enabled if each input place p of t is marked with at least w(p, t) tokens, where w(p, t) is the weight of the arc from p to t. 2) An enabled transition may or may not fire (depending on whether or not the event actually takes place). 3) A firing of an enabled transition t removes w(p, t) tokens from each input place p of t, and adds w(t, p) tokens to each output place p of t, where w(t, p) is the weight of the arc from t to p.
Linear algebra/Linear programming based techniques and 2) Graph based techniques [2] . This letter concerns about the extension of the above (3)-1) techniques based on the net state equation Ax = b := M d − M 0 , where M 0 and M d are initial and destination marking vectors, respectively. In (3)-1), analysis and verification based on linear invariants are well-known [1] , [2] . Some day, we want to consider the feasibility of a group of firing count vectors, x, for the fixed b := M d − M 0 , in which all generators for T-invariants and all minimal inhomogeneous (i.e., particular) solutions w.r.t. x in Ax = b are needed [4] , [6] .
In this letter, the next fact is shown for P/T Petri nets: If a fundamental particular solution (see the definition in the next section), v j , is unknown for the fixed b := M d − M 0 , there exists a firing count vector, x , which is not expressed by using the other any minimal particular solution, v l , l j. An algorithm for finding the above special firing count vector, x , is also shown.
Preliminaries
Let Z m×n (Z m×n + , resp.) be the set of m × n matrices with integer (nonnegative integer including zero, resp.) elements in this letter. The i-th element of a vector x is denoted by x(i). For two vectors x and y, x > y means that x(i) > y(i) for each i, x y means that x(i) y(i) for each i, and x ≥ y means that x y and x(i) y(i) for some i. Note that there exists the difference between x y and x ≥ y in this letter as in Ref. [1] , where x y includes x = y, but x ≥ y does not. Ax = b; state equation of a Petri net, where A ∈ Z m×n is an incidence matrix, b :
and an initial marking M 0 ∈ Z m×1 + on each place p, and x ∈ Z n×1 + is a nonnegative integer firing count vector. Note also that m (n, resp.) is the finite number of places (transitions, resp.). Minimal solution vector for Ax = b; a solution vector x ∈ Z n×1 + is said to be minimal if there is no other solution
+ | nonnegative integer and minimal homogeneous solutions, . A firing count vector x ∈ X is expressed by using u i ∈ U and v j ∈ V as follows:
where α i and β j are nonnegative integer, but if v j is a fundamental particular solution, β j is a nonnegative rational number. See Appendix and Ref. [5] . Let R m×n be the set of m × n real matrices with real number elements. Equation (1) is given by Ref. [3] in connection with nonnegative real solutions for Ax = b, where A ∈ R m×n and b ∈ R m×1 . However, it is shown equivalently by Appendix to restrict Ref. [3] to the case of nonnegative integer solutions for Ax = b, where A ∈ Z m×n and b ∈ Z m×1 . See also Appendix C ⑦.
Here, we will summarize some properties for minimal particular solutions v j ∈ V from the above definitions. However, we have a simple question: If a fundamental (and minimal) particular solution is unknown, whether or not an arbitrary firing count vector x ∈ X can be expressed by the other minimal particular solutions and minimal Tinvariants.
The objective of this letter is to answer this question.
Consider a Petri net shown in Fig. 1 , where unity weight on each arc is omitted and a black dot (a small white circle, resp.) on a place is an initial (a destination, resp.) marking or token. We have A ∈ Z 3×5 and b ∈ Z 3×1 for Fig. 1 as follows:
For this simple example, we have U = {u 1 , u 2 , u 3 , u 4 } and V = {v 1 , · · · , v 6 }, where
Note that u 1 , u 2 , u 3 and u 4 are minimal T-invariants (i.e., minimal homogeneous solutions), and v 1 , v 2 , v 3 and v 4 are fundamental (and minimal) particular solutions, and v 5 and v 6 are minimal, but not fundamental, particular solutions.
Problems in Case the Only One Minimal Particular Solution Is Known
By using one minimal particular solution v j and minimal homogeneous solutions u i ∈ U, we can express the infinite firing count vectors, x ∈ X, of state equation as follows:
where
Contrary, when we consider whether it is possible or not to express the arbitrary firing count vector x ∈ X of state equation by using one particular solution v j and homogeneous solutions u i ∈ U, we can understand that x ∈ X which has at least one element s.t. x (k) < v j (k) cannot be expressed by using v j and U, where note that u i ∈ U s.t. x (k) < u i (k) for some k is not used.
In this section, we showed that there may exist some cases that it is impossible to express all firing count vectors by using only one particular solution and u i ∈ U. This fact is also described in Ref. [3] in connection with nonnegative real solutions for Ax = b.
In the following section, we generally show that all the firing count vectors cannot be expressed even if the only one fundamental particular solution lacks.
Algorithm for Firing Count Vectors Which Cannot Be Expressed When a Fundamental Particular Solution Is Not Used
State equation of a Petri net may have plural minimal particular solutions w.r.t. firing count vectors. Let a fundamental particular solution be v j ∈ Z n×1 + . Let V l be the set of the other minimal particular solutions, where V = {v j } ∪ V l . Let W(⊂ X) be the set of firing count vectors that are expressed by the combination of v j and minimal T-invariants u i ∈ U.
Let Y(⊂ X) be the set of firing count vectors that are made from v l ∈ V l and minimal T-invariants u i ∈ U.
In Fig. 2 , we show the relationship between W and Y. From the above, we show the procedure to derive a special firing count vector (for short, SFCV) w ∈ W ∩ Y.
Algorithm SFCV: Input: All minimal particular solutions (v j and V l ) and an arbitrary firing count vector w ∈ W s.t.
Step 1. If there is at least one v l ∈ V l which satisfies w ≥ v l , go to Step 2. Otherwise, go to Step 3.
Step 2. Regard w + (v j − v l ) as a new w, and go to Step 1. Here, the new w satisfies w ≥ v j .
Step 3. Output w as w . Next, we show the explanation of this algorithm. In
Step 1, we check whether
In Step 2, we derive the firing count vector w + (v j − v l ) in order to find w ∈ W ∩Y that cannot be expressed by using any v l ∈ V l , where l j. And, we denote the new w ∈ Z n×1 + s.t. w ≥ v j after k-th iteration of Step 2 as
+ . In this case, considering the difference between w (a) and Moreover,
where γ l is nonnegative integer. If we assume w (a) − w (b) = 0 n×1 , we have
Then v j is expressed by the convex combination of v l ∈ V l . But, in this case, it is denied that v j is the fundamental particular solution. Then First, w ≥ v 1 and w ≥ v 2 are at least satisfied, and in detail,
Then we have
Note at least that w (1) ≥ v 1 and w (1) ≥ v 2 , and in detail,
Similarly, note that w (2) ≥ v 1 and w (2) ≥ v 3 , and in detail,
Moreover, note that w (3) ≥ v 1 and w (3) ≥ v 3 , and in detail,
Finally, we have
where w = w (4) ∈ Z 5×1 + is the special firing count vector which can be expressed only when we use v 1 . This is easily understood because w (4) ≥ v l (l = 2, 3, 4, 5, 6) is not satisfied, where note also that w (4) u i (i = 2, 3, 4), i.e. for i = 2, 3, 4, w (4) ≥ u i is not satisfied. In this example, w ≥ v l (l = 1, 2, 3, 4) is satisfied. Then we can derive the special firing count vectors which can be expressed only by another fundamental particular solution. These results are shown as follows: 1, 2, 3, 4) is unknown, we cannot express at least w ∈ W ∩ Y obtained by Algorithm SFCV for the specified w ∈ W.
Conclusion
In this letter, for P/T Petri nets, we have shown that when a fundamental particular solution, v j , w.r.t. firing count vectors for the fixed b := M d − M 0 in Ax = b is not given, we cannot express all the firing count (i.e., nonnegative integer) vectors, x, by using each minimal particular solution, v l , l j, and all minimal T-invariants. Then, for the above case, we cannot judge the unreachability from M 0 to M d through the net state equation approach [4] . However, we believe that this approach is worthy investigating [4] , [6] . We have also shown that the proposed Algorithm SFCV gives a special firing count vector which is not expressed by using the other any minimal particular solution except the specified fundamental particular solution for Ax = b :
Then, we want to have a general algorithm, for example, Extended Fourier-Motzkin Method [5] , for finding all fundamental particular solutions as well as all minimal particular solutions w.r.t. firing count vectors, x, of Ax = b := M d − M 0 , where b is fixed, in addition to all minimal Tinvariants, even though the time and space complexity for such general algorithms will be very severe [2] .
We will explain briefly validity for Eq. (1) of Sect. 2. Let Q m×n + (R m×n + , resp.) be the set of m × n matrices with nonnegative rational (real, resp.) elements including zero in this appendix. The set of transitions corresponding to nonzero elements in a T-invariant x ≥ 0 n×1 s.t. Ax = 0 m×1 is called the support of a T-invariant. A support is said to be minimal if no proper nonempty subset of the support is also a support. Given a minimal support of a T-invariant, there is a unique minimal T-invariant corresponding to the minimal support. We call such a T-invariant a minimal support Tinvariant. Then we have the next property.
The set of all possible minimal support T-invariants can serve as a generator of T-invariants. That is, any T-invariant can be written as a linear combination of minimal support T-invariants [1] , [7] .
Appendix A: Augmented EquationÃx
. ② If we apply the above well-known property about Tinvariants x ∈ Z n×1 + s.t. Ax = 0 m×1 to the augmented equation, then any T-invariantx ∈ Q (n+1)×1 + s.t.Ãx = 0 m×1 can be written as
; minimal support T-invariant with nonnegative rational elements forÃx = 0 m×1 , i = 1, 2, · · · ,l 3 }. Note that the superscript "3" ofũ i (n + 1) = 0 by multiplying to each element the least common denominator for each element and deleting the (n + 1)-th element. That is, we have a generator for T-invariants
with all nonnegative integer elements and withũ (3) i (n + 1) = 1 is directly a fundamental particular solution v Step 2 Set x (q) = x (q+1) and go to Step 1.
i ∈ U 5 is extracted r times in Step 1 and 2, then α 
+ is understood by ②. From these two facts, we have,
where β , we have the result in Ref. [3] which is the continuous relaxed expression for Eq. (A· 2). ⑧ For a better understanding, we will show two simple examples forŨ 3 
